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We analyze some unphysial features of the geodesi approah to matter oupling in a
ompatied Kaluza-Klein senario, like the q/m puzzle and the huge massive modes.
We propose a new approah, based on Papapetrou multipole expansion, that provides a
new equation for the motion of a test partile. We show how this equation provides right
ouplings and does not generate huge massive modes.
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The standard approah to the test partile dynamis in General Relativity relies in
the equivalene between the geodesi trajetory, driven by the Ation Sg =
∫
ds,
and the physial motion of the partile, governed by the Ation S = −mSg. Thus,
the simplest hoie to study a 5D test partile in Kaluza-Klein ( KK ) model (
1
,
2
)
is to generalize this approah; therefore we assume that the dynamis is driven by
the Ation
S5 = −m˜
∫
ds5 ds
2
5 = ds
2 − φ2(ekAµdxµ + dx5). (1)
Here ds5 is the 5D line element, Aµ is the eletromagneti eld, φ the extra salar
eld allowed in modern KK theories (
2
,
3
), and ek is a dimensional onstant that an
be related to the present observed value of G via 4Gobs = (ek)
2φ2c4. Finally, m˜ is
1
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an unknown onstant mass parameter: an important point, indeed, is to determine
whether m˜ represents the physial rest mass of the redued 4D partile. The rst
step is, however, to alulate the Eulero-Lagrange equations assoiated to the Ation
(1), and m˜ will not appear in the outome. After alulation we have a set of ve
equations:
dw5
ds
= 0,
Duµ
Ds
= Fµνuν

 ekw5√
1 +
w2
5
φ2

+(uµuν−gµν)∂νφ
φ3

 w5√
1 +
w2
5
φ2


2
. (2)
where Fµν is the Faraday tensor, D
Ds
is the ovariant derivative along the path and
w5 = JA5
dxA
ds5
( where JAB is the 5D metris and A,B = 0, 1, 2, 3, 5), u
µ = dx
µ
ds
.
Hene we have w5 as a onstant of motion from the rst equation, and moreover it
is possible to show that w5 is a salar; thus, other equation desribes the motion
of a 4D partile and we an reognize the eletrodynamis oupling, in terms of
the harge and the physial rest mass, one we dene
q
mc2
= ekw5(1 +
w2
5
φ2
)−
1
2
.
Unfortunately, realling the value of ek, we get the following bound:
q2
4Gm2
=
w25
φ2
1
1 +
w2
5
φ2
< 1.
Suh a bound is violated by every known elementary partile. Therefore, although
the geodesi approah provides an equation with the orret struture, it yields
unphysial oupling. The problem of huge massive modes is stritly linked to the
q/m puzzle. Indeed, by onsidering the Ation (1) and addressing the Hamiltonian
proedure, we get the onjugate momenta and the 5D dispersion relation PAP
A =
m˜2. Via the anonial quantization, we get a 5D Klein-Gordon equation whose
Lagrangian reads L = JAB(∂Aζ)(∂Bζ)+ − m˜2ζζ+, where a generi omplex salar
eld ( as toy model ) is onerned. Now, onsidering a KK eld, i.e. ζ(xµ, x5) =
η(xµ)eip5x
5
, where p5 is salar and onserved, the redued Lagrangian reads:
L = gµν(−i∂µ − ekp5Aµ)η[(−i∂ν − ekp5Aν)η)]+ − (m˜2 + p
2
5
φ2
). (3)
We reognize a U(1) gauge invariant Lagrangian where the redued eld η aquires
a harge ekp5 and a mass term m
2 = (mˆ2 +
p2
5
φ2
); the ratio q/m ts to the result
previously obtained for the motion of the test partile, but is lear now that mˆ does
not represent the orret rest mass for the partile. Hene mˆ is an unknown 5D mass
whose physial meaning is not learly established within this sheme. Moreover,
requiring the ompatness of the fth dimension, we get the quantization of p5, and
so on of the harge. Thus, the disretization of p5 gives rise to a tower of modes for
the mass term m; xing the minimum value of p5 via the elementary harge e we
get the extra dimension size below our observational limit, but, at the same way,
we get huge massive modes beyond the Plank sale. Therefore, the problem of the
harge-mass ratio is stritly linked to the problem of massive modes. Indeed, the
puzzle of matter oupling is an historial problem of KK models (
4
).
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We have to admit that the 5D geodesi approah does not provide the orret
dynamis for the partile, i.e. the trajetory of the 5D partile is no more the 5D
geodesi. Our idea is to fae the problem of the test partile and its rest mass,
within the multipole expansion sheme of Papapetrou (
5
), that is more general
than the geodesi approah. Then, given a generi 5D matter tensor TAB, we state
the following model:
DAT
AB = 0, ∂5T
AB = 0.
The rst equation is the onservation law, while the seond equation is given for
onsisteny with the ylindriity hypothesis. The KK redution of the rst equation
yields the following set:
∇µjµ = 0, ∇ρT µρ = (∂ρφ
φ
)T µρ + gµρ(
∂ρφ
φ3
)T55 + φ
3Fµρjρ. (4)
where jµ = −ek T
µ
5
φ3
. Now, we assume that matter tensor is peaked in a thin tube
entered around a 4D trajetory Xµ and negligible outside. This is onsistent with
the ylindriity hypothesis, i.e. the unobservability of extra-dimension, and with the
phenomenologial request that we observe trajetories only in our 4D spae. Then,
after we integrate over the spae, we perform a Taylor expansion of enter Xµ , i.e.
xµ = Xµ + δxµ. At the lowest order the equation of motion reads
D
Ds
(muµ) =
2
3
d
ds
(
1
φ3
)
φ3muµ + gµρ(
∂ρφ
φ3
)A+ qFµρuρ, (5)
where ds2 = gµνdX
µdXν , uµ = dX
µ
ds
,
D
Ds
is the ovariant derivative along the path,
and we have dened the salar quantities m, q, A :
m =
1
u0
∫
d3x
√
g
T 00
φ3
q = −ek
∫
d3x
√
g
T 05
φ3
A = u0
∫
d3x
√
g
T55
φ3
(6)
By requiring uµ
Duµ
Ds
= 0 we nd the new relevant ondition
dm
ds
=
(
A
φ3
− 2m
φ
)
dφ
ds
. (7)
and nally we an reast the equation of motion as follows, with no expliit deriva-
tive of mass:
m
Duµ
Ds
= A(gµρ − uρuµ)∂ρφ
φ3
+ qFµρuρ. (8)
Let us now ompare the old equation (2) to this new one (8). We reognize that
i) they show the same dynamial struture but oupling fators are not the same
ii) in (8) we have three fators that are dened in terms of independent degrees of
freedom of the matter tensor , therefore are not orrelated eah to other, while in
the geodesi approah q and m were both dened in terms of p5 ( so giving the
upper bound ): therefore now no bound arises iii) q is onserved due to the presene
of a onserved urrent ( gauge theory ); A is not onstant but in priniple there is
no symmetry requiring its onservation iv) mass is not onserved and this is indeed
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the relevant feature of this new equation. Anyway there is no reason to require
in priniple the onservation of m. Indeed this approah shows that the physial
motion in a 5D spae is not the geodesi one; the reason is that in 5D KK model the
5D Equivalene Priniple is violated (
3
); therefore mass is not neessarily a onstant.
The onservation of mass, however an be restored if we take φ = 1 or A = 2mφ2.
Finally, in support of these observations we shows how this approah does not
generate huge massive modes. The equation (8) admits the following Ation:
S = −
∫
mds+ q(Aµdx
µ + dx5),
where m has to be regarded as a variable funtion whose derivative reads
∂µm =
∂µφ
φ3
A+
2
3
uµ
d
ds
(
1
φ3
)
φ3m.
After alulating Lagrangian, Hamiltonian and momenta we have:
PAP
A = m2 − q
2
φ2
⇒ gµνΠµΠν = m2,
where P5 = q, Πµ = muµ = Pµ − qAµ. Therefore, in the resulting Klein-Gordon
equation we now have the ounter term − q2
φ2
that rules out the huge massive modes.
In our opinion this approah, even if not denitive, provides a simple solution for
the historial matter problem in KK model, without removing the hypothesis of
the ompatiation. Thus, from a theoretial point of view it enfores the physial
meaning of KK theories and deserves a detailed investigation, also in view of its
multidimensional extension. Promising perspetives appear the searh of orret
urrents assoiated with gauge symmetries in multidimensional KK models, the
analysis of the omplete osmologial solution with matter, and the omparison to
models for dark energy with mass varying partiles (
6
).
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